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Abstract

We study an economy subject to recurrent disasters when the frequency
and duration of the disasters are unobservable parameters. Imprecise infor-
mation about transition intensities increases the probability of the current state
effectively lasting forever, with important consequences for agents” welfare
and optimal behavior. Specifically, in a disaster, uncertainty about duration
makes disasters subjectively much worse and can make the welfare value of
information extremely high. Resolving uncertainty about the disaster can be
as or more valuable as ending the disaster itself.
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1 Introduction

This paper studies the real effects of parameter uncertainty in a model of repeated dis-
asters. Among the many deeply alarming aspects of the COVID-19 pandemic was the
realization of how little anybody knew about the right model for what would happen. Two
dimensions of structural uncertainty seemed especially salient: uncertainty about the per-
sistence (or duration) of the crisis, and uncertainty about the recurrence (or frequency) of
future disasters. Such uncertainty pertains to disasters beyond pandemics. Uncertainty
about the duration and frequency of recessions and financial crises is also realistic. Similar
considerations apply in the context of climate-related disasters.

Our model depicts disasters as regimes in which the stock of wealth (potentially in-
cluding human wealth) is subject to exogenous destruction. The economy transitions
stochastically between these episodes and “normal times.” Agents update their beliefs by
observing the frequencies of transitions, and optimally solve their investment/consumption
problem given that information. We derive closed-form expressions for belief dynamics,
and we obtain the value function and optimal policies under generalized preferences up
to a tractable system of difference/differential equations. We contrast agents” welfare,
policies, and incentives in the partial-information setting to the full-information setting.

The main finding is that, when uncertainty about a transition intensity increases, the
left tail of the distribution becomes the dominant factor in economic decision-making.
That is, even holding the mean belief constant, agents may act as if the transition probabil-
ity is near zero. In forming expectations and evaluating trade-offs, households rationally
place increasing weight on the possibility of the current state effectively lasting forever. In
a setting where regimes are either “good” or “bad”, the result can look like overreaction
to a regime change relative to the full-information benchmark.

The mechanism driving this is that Bayesian updating implies negative duration de-
pendence, i.e., that the longer the current state lasts, the longer it is expected to last. This
dynamic is quite general: the absence of a transition in a given observation interval shifts
the posterior density for the transition intensity towards zero regardless of the form of
prior beliefs. Negative duration dependence is equivalent to transition times subjectively
exhibiting a decreasing hazard function. Unconditionally, this means that beliefs about
future regime durations are described by heavy-tailed distributions.



As precision declines, negative duration dependence increases, and the unconditional
expected waiting time for the next transition, T, can become unbounded even holding
tixed the mean belief about the transition probability. This is depicted graphically in
Figure 1 when observers have belief about the transition intensity that is described by a
gamma distribution with mean 1 and variance 1/a. In the figure, A denotes the probabil-
ity per unit time of a disaster ending. The figure illustrates how, as precision declines, the
expected waiting time, E[T], becomes increasingly determined by the possibility that the

true value of the intensity is close to zero.!

Figure 1: Information Precision and Expected Transition Time
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The top line plots the expected waiting time in years for the end of a regime when observers
have belief about the intensity per unit time of a switch, A, that are described by a gamma
distribution with mean E[A] =1 and variance 1/a, where a is the variable on the horizontal
axis. The lower lines depict the contribution to this expectation of different components of the
belief distribution.

A graphic example of a heavy-tailed waiting time distribution is seen in survey results

IThese effects are also general: The pattern in Figure 1 is similar if the belief distribution is lognormal
instead of gamma, for example.



from 2020 regarding the anticipated arrival time of an effective vaccine against the SARS-
CoV-2 virus. The survey, conducted by Deutsche Bank, was sent to 800 global market
participants eliciting their forecasts on four dates. As shown in Figure 2, as late as June of
that year, and despite much positive clinical trial news, fully 4% of respondents thought
the likely time to successful vaccine deployment would be infinite. This type of response
can be rational under the structural uncertainty that we posit.

Figure 2: Duration Expectations: 2020
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Source: Deutsche Bank, dbDIG.

The paper’s analysis is based on comparisons of the representative agent’s lifetime
value function across states. We express these comparisons in terms of welfare costs,
meaning the fraction of wealth the agent would be willing to pay to exchange one state
for another.

We first show that the benefit of ending a disaster is much higher with partial infor-
mation compared to the full-information benchmark. The welfare gain from reducing the
severity of an on-going disaster also increases strongly with parameter uncertainty. These
welfare differences map directly to investment incentives. If the economy is augmented

to include a mitigation technology, optimal investment in this activity at the onset of a



disaster is increasing in parameter uncertainty.

Next, the observation that disasters are subjectively much worse under incomplete
information raises the topic of the value of information. We show that the welfare gain
from resolving parameter uncertainty — even without altering the disaster itself — can
be as large as or larger than the benefit of ending the disaster. Imprecision acts as an
amplification mechanism for perceived risk, leading agents to respond to a disaster with
extreme conservatism in their investment/consumption decisions. As with mitigation
incentives, our findings have implications for investment in information production. We
consider endowing the economy with a technology to increase information precision and

show that marginal value of information is very high when precision is low.

1.1 Related Literature

The paper contributes a new insight to the literature that assesses the welfare costs of
disaster risk (see Barro (2009), Pindyck and Wang (2013), Jorda et al. (2020), and Martin
and Pindyck (2021)). Acharya et al. (2023) calibrate a version of the model studied here
(with full information) to stock market responses to vaccine development news during
2020 in order to estimate the ex ante welfare cost of the pandemic.

A number of papers study learning problems in the context of models with disasters.
Disasters are often parameterized as an exogenous shock process (hitting consumption
or the capital stock) whose intensity is unobservable and possibly time-varying (for ex-
ample, Benzoni et al. (2011) and Wachter and Zhu (2019)). We also have such a shock
process, and its intensity varies over time: it is zero in normal times and positive in a
disaster regime. However, we assume that agents do know the shock intensity.

In emphasizing uncertainty about persistence, our paper also shares similarities with
Gillman et al. (2014) and Ghaderi et al. (2022) in which regimes of differing growth dif-
fer in their expected duration. These models assume the regime itself is unobservable.
Another related work is Andrei et al. (2019) in which agents do not observe the mean-
reversion speed of current consumption shocks and thus face persistence risk. In their
model, as in ours, the persistence risk is asymmetric: information about persistence is
positive in good times and negative in bad.

Collin-Dufresne et al. (2016) also study a 2-regime rare disaster economy with learn-

ing about the switching parameters. They show that, when risk-aversion exceeds the

2In a similar vein, Barnett et al. (2023) show that uncertainty about infectious parameters within a pan-
demic leads a central planner with ambiguity-averse preferences to impose stricter quarantine measures
compared to the full-information benchmark.



inverse of the elasticity of intertemporal substitution, even small amounts of persistence
uncertainty can produce large effects on the equity premium and Sharpe ratio. The mech-
anism they highlight is the increase due to learning in the subjective volatility of con-
sumption growth and marginal utility. While our setting is similar, the real effects we
document are driven by the drift of the parameter estimates, not the volatility they in-
duce.’

Most of the above papers focus on implications for asset pricing. An exception is
Hong et al. (2023) who study implications of time-varying disaster beliefs for willingness
to pay for mitigation efforts in the presence of externalities. Our focus too is on welfare
effects. We highlight the interaction between unobservable persistence and the current
state of the economy in determining the value of information and investment incentives.

2 Model

In this section, we introduce a regime-switching model of disasters under partial infor-
mation. The goal is to study how the representative agent’s value and policy functions
vary with information precision.

2.1 Disaster Dynamics

Following Nakamura et al. (2013), we consider the state of the economy to be either in a
“non-disaster” regime or in a “disaster” regime, and denote the state as s € {0,1}. Let 7
denote the probability per unit time (or, intensity) of a disaster arrival, and let A denote
the probability per unit time of a disaster ending.

The model’s depiction of the disaster consists of a state-specific stochastic process for
the accumulation of wealth. Specifically, let g denote the quantity of productive capital
of an individual household (which could be viewed as both physical and human capital).
We assume that the stock of g is freely convertible into a flow of consumption goods at
rate C per unit time. Then our specification is that g evolves according to the process

dq = p(s)qdt — Cdt + o(s)qdB; — x(s)qd]: (1)

where B; is a standard Brownian Motion and J; is a Poisson process with intensity {(s).
We set x(0) =0and x(1) > 0 for the disaster state. The Poisson shock captures the risk of
an economic loss to the household. While we refer to the occurrence of the state s =1 as

3Also, on contrast, our main findings are larger in magnitude when the elasticity of intertemporal substitu-
tion is less than the inverse of the coefficient of risk-aversion.



the “disaster” (i.e., independent of whether or how many wealth shocks actually occur),
somewhat more common in the literature would be to label these d] shocks themselves
as the “disasters”, in which case our model maps to a particular specification of time-
varying disaster risk, being either “on” or “off” depending on the regime. In Section 3 we
will consider augmenting the economy to include real options to mitigate the disaster or

acquire information.

2.2 Information Structure

Within a disaster there is likely to be deep uncertainty about all the governing parame-
ters. Our focus on the timing parameters is motivated by the experience of COVID-19 in
which the likely duration of the pandemic and the frequency of future pandemics were
especially urgent questions to resolve. To model this, we assume the switching intensi-
ties 7 and A are unobservable. While, formally, all disasters have the same parameters,
this is not essential. Our main economic conclusions apply as well to the case in which
parameter uncertainty re-sets with each new regime.

We will assume that at time zero the agent has beliefs about the two intensity parame-
ters that are described by independent gamma distributions. Each distribution has a pair
/\, pA

of non-negative hyperparameters, a’,b" and a , that are related to the first and second

moments via

Ui Ui
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and likewise for A. The relative precision about 7, defined as its mean divided by its stan-
dard deviation, is v/a'.

By Bayes’ rule, under this specification, as the agent observes the switches from one
regime to the next, her beliefs remain in the gamma class with the hyperparameters up-

dating as follows

o = d N
b} = b+t

where t/ represents the cumulative time spent in state 0 and N} represents the total num-
ber of observed switches from 0 to 1. Analogous expressions apply for a* and b*. Thus,
while in s = 0, the only information that arrives (on a given day, say) is whether or not

we have switched to s =1 on that day. If that has occurred, the counter N” increments by



one and the clock #7 turns off and ! turns on. The system is assumed to start in the state
s = 0 with N7 = N* = 0.

The model thus pastes together two linked learning regimes. In each regime, we have
a finite dimensional filter in the sense that the two updated parameters fully characterize
beliefs about that regime. Further, j; = E;[57] = a7 /b, and it remains the case that the
agent views this number as the probability per unit time of an instantaneous switch from
s = 0 to s =1 (again with equivalent expressions for the other regime.)

The gamma-exponential conjugate system is well studied in stochastic process theory
(e.g., see Harris and Singpurwalla (1968) and Rubin (1972)). Under these beliefs, the
measure for the switching time is a Lomax distribution (Lomax (1954)), whose expectation
(in the s = 0 regime) is 1/7 times a7/ (a”7 — 1). This can be infinite when the relative
precision of knowledge of 7 is low (as illustrated in Figure 1), reflecting the fat-tailed
distribution of beliefs about future regime durations. As we will see, this has important
consequences for agents” welfare and optimal behavior, even though it is not necessary

for our results that the fat-tailedness lead to unbounded waiting times.*

2.3 Preferences

We assume the economy has a unit mass of identical agents (households). Each agent has
stochastic differential utility or Epstein-Zin preferences Duffie and Epstein (1992) based

on consumption flow rate C, given as

J, = E: [ / °°f<ctf,11t/>dt'] )

and aggregator

(4)

S
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where p is the discount factor, 7y is the coefficient of relative risk-aversion, 1 is the elastic-
ity of intertemporal substitution (EIS), and 0 = 11;111
is to choose optimal consumption C(s) that maximizes the objective function J(s).?

.The representative agent’s problem

4As explained in the Introduction, the idea of negative duration dependence relies only on Bayesian up-
dating and as such extends beyond the assumption of gamma distribution for beliefs about the intensity
parameters. While the gamma distribution offers analytical tractability, we conjecture that our results hold
more generally.

>We recognize the limitations of using a utility specification driven by consumption goods, particularly
within a crisis when other considerations (e.g., health) may affect well-being. However, using a familiar
formulation ensures that our findings are not driven by non-standard assumptions about utility.



2.4 Solution

Under the model’s information setting, the economy is characterized by a six-dimensional
state vector consisting of the stock of wealth, g, al,b",a’,b* and the regime indicator S.
However this six-dimensional space can be reduced to three when solving the agent’s
optimization problem.

Since the switches between states alternate, we can define an integer index M; to be
the total number of switches N} + N/ and then N, = M;/2 when M is even, and N}* =
(M¢+1)/2 when M is odd. Knowing M (along with the priors a] and a)) is equivalent
to knowing a] and a}. Given these values, specifying the current mean estimates #; and
At is equivalent to specifying the remaining hyperparameters b and b;.

Within each regime the only changes to the state (apart from q) come through varia-
tion in the estimates 7j; and A; which change deterministically with the respective clocks

#1 and }. Holding M fixed, the dynamics of 7; are given by

n
R 1
dﬂt = dﬁ =a, dﬁ
n
a;
— dt
(b)?
A N\2
— Sy (5)
a;

The latter expression says that, until new information arrives, 7 decays quadratically and
deterministically to zero at a rate that is faster when a” is small. This dynamic defines the
negative duration dependence of the system and illustrates its dependence on the degree
of information precision.®

The agent’s Hamilton-Jacobi-Bellman equation links the value functions for states
with successively more history. For large M, the estimation errors for both 77 and A go

to zero:

Std[y]

1
IE[?/] all ’ag+Mt/2'

®The ODE in (5) has the exact solution

where ¢ is the time since the regime began.



Thus the system converges to the full-information solution, which is characterized by two

coupled algebraic equations. Online Appendix establishes the following;:

Proposition 1. Let H(#},A, M) denote the solutions to system of coupled first-order differential
equations in the Online Appendix. Assuming these are positive, optimal consumption is

C=p¥ (H) ¥q, (6)

and the value function of the representative agent is

H(s)q'~"

7=

)
The Appendix also describes an efficient solution algorithm for the system, and dis-

cusses conditions for existence of a unique positive solution.

3 Results: Information Precision in a Disaster

We now turn to numerical analysis to illustrate the model’s effects. Our baseline calibra-
tion fixes the growth rate y(s) and volatility o(s) across regimes to be 0.04 and 0.05. (The
values are chosen to approximately capture the growth rate and volatility of aggregate
dividends in non-disaster times.) The disaster shock size is set to x = 0.04 (x(1) = 0.04
and x(0) = 0, to be notationally precise). We fix the disaster shock intensity to be 1.0 in
order to interpret x as the expected loss of wealth per year. We use baseline preference
parameters (7 = 3.8, = 2.0, p = 0.04) that are broadly consistent with the macro-finance
literature. The risk-aversion value we use is the one chosen by Gourio (2012). A number
of papers, including Benzoni et al. (2011), Collin-Dufresne et al. (2016), and Andre, et.al
(2018) choose a higher value of gamma of 10. The EIS parameter value that we have cho-
sen is consistent with Gourio (2012), Benzoni et al. (2011), Collin-Dufresne et al. (2016) and
Andrei et al. (2019). The crucial role of variation in preference parameters around these
benchmark choices in the welfare calculations and the value of information is explored
below.

To start, consider the welfare consequences of parameter uncertainty during a dis-
aster. Since Lucas (1987), a large literature has analyzed the welfare costs of aggregate
risks in business cycle models in order to quantify incentives to reduce them. Here, we
extend this line of research to encompass the perceived risk that stems from parameter un-

observability. We address two main questions. First, comparing partial information to full



information, how much worse is the disaster compared to the non-disaster state? Second,
how much would agents pay to gain information about the unknown parameters?

For any pair of economies or states, {i,j}, we report the fraction of wealth that the
representative agent would be willing to pay for a one-time transition from the worse (j)
to the better state (i). The welfare gain is computed as the certainty equivalent change in

the representative agent’s lifetime value function :

- ()

This definition is standard in the literature.

3.1 Welfare Gain from Curtailing a Disaster

To quantify the severity of disasters under our base parameterization, Table 1 reports the
welfare gain from ending a disaster, that is, to transitioning from s =1 to s = 0 holding
everything else fixed. In the context of a pandemic, this could be viewed as the value of a
perfectly effective cure or vaccine. Each cell of the table shows this gain for three values
of A and two values of 7. The top-left entries of Panel (A) shows the result when there is
no uncertainty about the parameters. In this benchmark case, agents would be willing to
pay between roughly 4% and 18% of wealth to return to the normal economic state. The
values are intuitively reasonable in the sense that, for # = 0.01 say, they are not too far
from just the expected length of the disaster (1/A) times the expected loss of wealth per
year, x = 0.04. In Panel (B), the top row shows that the preference parameters do not have
large effects on the full-information values.

The top-right, bottom-left and bottom-right entries of Panel A show the same compu-
tation when agent has uncertainty about the timing parameters. These make the follow-
ing assumptions about agent’s current uncertainty: the posterior standard deviation of 7
is equal to its mean belief so that the relative precision of # is 1.0, whereas the posterior
standard deviation of A takes on three values such that the relative precision of A is 10,000
or 10, or 1.0.7

Compared to the full information case (top-left entries of Panel A), the partial in-
formation situation is subjectively much worse. Adding parameter uncertainty greatly
increases the resources that the economy would be willing to expend to find a cure or
otherwise limit the damage. An analogous computation (omitted for brevity) shows that

7In the case where both relative precisions are one, the gamma prior is an exponential distribution.
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the welfare benefit from lowering the disaster severity (x) is also much larger under par-
tial information. In Panel (B), the bottom row shows that the preference parameters can
have large effects on the partial-information values, unlike the case for full-information

values.

3.2 Welfare Gain from Resolving Parameter Uncertainty

The results above immediately raise the question of how much agents would be willing to
pay to resolve parameter uncertainty, even without curtailing the current disaster. Table
2 answers this question by varying a}, the relative precision of A, the likelihood of exiting
the disaster, from 1.0 to 10, and for the case of relative precision of 1.0, varying separately
the risk-aversion parameter <y to a lower value of 2.0 and the elasticity of intertemporal
substitution 1 to a lower value of 0.2. For instance, when the relative precision of A equals
1.0, the value of resolving the parameter uncertainty during a disaster is comparable in
magnitude or even larger than the value of resolving the ongoing disaster (bottom-right
entries of Panel (A) of Table 1).8

It is perhaps not surprising that risk-averse agents would be willing to pay to resolve
parameter uncertainty. However, it is the magnitude of the value of information in a dis-
aster that is surprising. The numbers are much larger than typically found in analogous
calculations in the literature for other types of risk. In a similar setting, Collin-Dufresne
et al. (2016) also show that, using a myopic utility benchmark, uncertainty about the per-
sistence of the bad state is an order of magnitude more important than uncertainty about
other parameters, e.g., growth rates and volatilities in the two regimes.

Comparing the results in Table 2 across preference specifications, the value of resolv-
ing parameter uncertainty increases with higher risk-aversion (y). The <y effect is intuitive:
parameter risk increases the subjective volatility of wealth, which agents dislike.” The
largest effects come from lowering 1, the elasticity of intertemporal substitution. This is
noteworthy because there is a common understanding of Epstein-Zin preferences under
which agents with ¢ <1/ can be viewed as having a preference for “later resolution of

uncertainty,” which might suggest that they value information less than high EIS agents,

8The welfare gain is an understatement in that it excludes any value from, for example, information helping
agents’ ability to avert future disasters. The model contains no mechanism by which knowing more about A
and 7 allows agents to affect them.

Likewise, we find that agents with a longer time horizon (lower subjective discount rate p) care strongly
about persistence.

11



whereas here the result is the opposite. '

To understand this, note that, with recursive preferences, agents with low EIS cut
consumption when the economy enters the disaster state. This is because a low EIS im-
plies strong consumption smoothing motives, and the prospect of lower future wealth
motivates a sharp increase in savings. By contrast, a higher EIS implies relatively more
concern with the volatility of wealth than consumption smoothing. Agents with a high
EIS therefore decrease investment in a disaster. However, the differing consumption re-
sponses do not make disasters worse per se for agents with low EIS: the top row of Panel
(B) in Table 1 shows little effect of the EIS under full information. Instead, it is the ex-
treme decrease in consumption as information precision declines that leads to the large
welfare losses for these agents. This is again due to the time horizon effect. With low
precision of information about A, there is a chance that the withdrawal of consumption
will be effectively permanent.!!

3.3 Incetives to Mitigate and Acquire Information

To see how these welfare differentials map into investment incentives, suppose now that
the economy is endowed with a real option to undertake a lump-sum expenditure, I, to
reduce the severity according to x = g(I/q) for an arbitrary function g > 0 with ¢’ <0.
By an argument that we formalize in the Appendix (A.3.1), the sensitivity of the welfare
function H to x effectively pins down the marginal benefit of I. Hence, for standard
parameterizations of the mitigation technology, the optimal investment will be strictly
greater under partial information than under full information.

As with mitigation, there is a direct mapping from the welfare costs of information to
investment incentives. The findings above imply that the ability to produce information
about the underlying determinants of disaster duration could be an extremely valuable
real option. To show this, we can again consider augmenting the economy to have a one-
time opportunity to purchase a signal about A, (e.g., via a “laboratory experiment”) in
the form of a realization of N transition times of the underlying process for a cost c(N).
Note that the outcome will also convey information about the level of A, which may entail

good or bad news. In particular, the worst-case scenario of a very low A could be revealed,

19See Epstein et al. (2014) for an analysis of the welfare consequences of varying the timing of the resolution
of uncertainty.

Tn Van Nieuwerburgh and Veldkamp (2006) and Kozlowski et al. (2020) learning effects within downturns
endogenously cause the downturns to last longer. In our case, the uncertainty-induced investment and
consumption distortions do not affect the length of the disaster. However, negative duration dependence
implies that the perceived duration lengthens the longer the episode goes on.

12



making the purchase of the signal subject to the same risks that are reflected in the partial
information value function. It is thus not a priori clear that this information-production
opportunity will have positive expected value.

In the Appendix (A.3.2), we show that, under a simple linear information cost struc-
ture, agents do optimally choose to spend significant fractions of their endowment to
buy signals. The expected value from the signal increases rapidly for small increases in
precision. From a policy perspective, the implication of the large marginal value of infor-
mation in a disaster is that fundamental research can crucially complement (or perhaps

even substitute for) efforts to directly affect the course of the disaster.

4 Conclusion

This paper considers the economic effects of uncertainty about state transition probabil-
ities. The main finding is that, as uncertainty increases, the left tail of the distribution
becomes the dominant factor in decision-making and welfare, even holding the mean
constant. Fully rational agents may act as if the current state will never end. In a setting
where regimes are either “good” or “bad”, the result can look like overreaction relative
to the full-information benchmark or pessimism in bad times. From a policy perspective,
reducing uncertainty about the evolution of disasters may be an important mechanism

for alleviating their perceived harm.
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Table 1: Welfare Gain to Ending Disaster

(A) Benchmark preference parameters (y = 3.8, = 2.0)

Full Information Partial Information: aé = 10,000

~ ~

A A
0.2 0.5 1.0 0.2 0.5 1.0
27 0.01 0.1789 0.0873 0.0451 27 0.01 0.1791 0.0874 0.0451
0.05 0.1414 0.0788 0.0431 0.05 0.1434 0.0790 0.0431

Partial Information: aé =10 Partial Information: aé =1

A A
0.2 0.5 1.0 0.2 0.5 1.0
27 0.01 0.2194 0.1147 0.0624 27 0.01 0.3449 0.3045 0.2583
0.05 0.1715 0.1054 0.0640 0.05 0.2655 0.2545 0.2343

(B) Varying preference parameters

Full Information (y = 2.0,¢ = 2.0)

Full Information (y = 3.8, ¢ = 0.20)

~

~

A A
0.2 0.5 1.0 0.2 0.5 1.0
27 0.01 0.1575 0.0781 0.0416 27 0.01 0.2003 0.0915 0.0459
0.05 0.1322 0.0716 0.0398 0.05 0.1599 0.0840 0.0441

Partial Information: aé‘ =1(y=20,¢9=2.0)

Partial Information: aé =1(y=2338,9=0.20)

A A
0.2 0.5 1.0 0.2 0.5 1.0
27 0.01 03243 0.2624 0.2065 27 0.01 0.8103 0.8363 0.8505
0.05 0.2673 0.2364 0.2021 0.05 0.6949 0.7455 0.7791

The table shows the fraction of wealth the agent would be willing to surrender for a one-time transition
out of the disaster state. In Full information case, agents in the economy know the parameters A and
7. In Partial Information case, they have posterior standard deviation equal to their point estimates for
17, the probability of switching into a disaster, i.e., ag =1, whereas for A, the probability of switching
out of a disaster, it is driven by the relative precision aj, as specified in the panels. The benchmark
parameters are employed in Panel (A) as given in Section 3. Preference parameters are varied in Panel
(B) as shown.
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Table 2: The Value of Information During a Disaster

a)=1,7=38,19p=20 ay =10,y =3.8, =2.0
A A
0.2 0.5 1.0 0.2 0.5 1.0
2*f 0.01 0.1716 0.1937 0.1686  2*7 0.01 0.0384 0.0201 0.0121
0.05 0.1278 0.1798 0.1776 0.05 0.0244 0.0247 0.0214
ay=1,v=29=20 ay=1,7=38,9=0.20
A A
0.2 0.5 1.0 0.2 0.5 1.0
2*H 0.01 0.1432 0.1411 0.1149 24 0.01 09111 0.9043 0.8888

0.05 0.1125 0.1401 0.1298 0.05 0.8967 0.9010 0.8911

The panel shows the fraction of wealth that the representative agent would be willing to surrender for
a transition from partial information to full information (as defined in Table 1) while remaining in the
disaster state. f{Under partial information, agents have posterior standard deviation equal to their point
estimates for 7, the probability of switching into a disaster, i.e., ag =1, whereas for A, the probability of
switching out of a disaster, it is driven by the relative precision af}, as specified in the panels. Benchmark

parameters are given in Section 3 with variations as indicated in the table.
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A Proofs and Derivations

A.1 Full Information

To prove Proposition 1, we first treat the case of full-information in which the only state
variables are s € {0,1} and g. For ease of notation, define the following combination of

preference parameters:

ole

eg = % p‘P and e =-— (A1)

Also define A(0) =1,A(1) = A.
Lemma Denote
— 1 2 1—vy
g6 =00 (1=7) (4ls) = 37062) =€) (=27 =1) (a2

fors € {0,1}. Let H(s)’s denote the solution to the following system of recursive equations:

90=5(0) = (HO)" + 7 | 170} ~ 1] (*3)
¢1= (1) = eo (H(1)) + A {% - } (A4)

Assuming the solutions are positive, optimal consumption in state s is
C(s) =p" (H(s))"q, (A-5)
and the value function of the representative agent is

1—
J(s) = % (A.6)

Proof. Using the evolution of capital stock for the representative agent (1) the Hamilton-
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Jacobi-Bellman (HJB) equation for each state s can be written:

0 =max [ £(CJ(s)) +J4(s)(gu(s) = C)

+ Vg0 ()2 +25) I(s,4(1 ~ x(5))) ~ T (5,9)]
+A(s) [B(s") = (s)]]] (A7)

fors={0,1} and s’ = {1,0}.
Taking the first-order condition with respect to C(s) in (A.7), we obtain

fe(CJ(s)) =TJ4(s) =0. (A.8)
Using f(C,J) from (4) and taking the derivative with respect to C, we obtain

JAS (A9)

(1= 7)J(s)]0 !

Substituting the conjecture J(s) in equation (7) yields

pC v
=y~ !

H(S) T—y q7_¢71

fe= . (A.10)

Then, for state s, we obtain by substituting J;(s) = H(s)q~" in (A.8), and simplifying:

H(s) ¥/%q

C(s) = e

(A.11)

which agrees with (6) using the definitions of the constants in (A.1).
To verify the conjectured form of the value function, we plug it in to the HJB equation
(A.7) and reduce it to the recursive system in the proposition via the following steps:

1. substitute the optimal policy C(s) into the HJB equation (A.7);
2. cancel the terms in 4 which have the same exponent; and

3. group constant terms not involving Hs and define them to be g(0) for state 0 and
¢(1) for state 1.

The third step yields the system of recursive equations A.3, A 4. O
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Regularity Conditions

The functions H(s) are necessarily bounded by the limiting solutions in which the econ-
omy is never in a disaster, Hg“”, or is always in a disaster, H{"**. It is straightforward to
show that these constants are given by

) 1/61 1/61
= () = (2)"

These quantities are real and positive if gy, g1, and eg all have the same sign. Given this, it
can be shown that a necessary and sufficient condition for existence of a unique solution
is that g1 < go.

A.2 Proposition 1: HB System with Parameter Uncertainty

Proof. As noted in the text, the model can be parameterized in terms of the state variables
M,ﬁ,)At, and g, where M = M; is an integer counter that increases on a state switch such
that My = 0 and even numbered states are the non-disaster epochs and odd numbered
states are the disasters. Also, in the non-disaster states, A is constant, while i] is constant in
disasters. As a consequence, compared with the derivation above for the full-information
case, there is now only one additional source of variability in each regime. The dynamics
of 7} are given in (5) with an analogous expression for and A. And note that, under the
agents’ information set, the dynamics of the wealth variable g are identical to the full
information dynamics.

As a result, the HJB equations under partial information are the same as (A.7) above
(with state 0 and state 1 being replaced by M and M + 1) with the addition of a single
term on the right side:

(7 () A12)

fors =0, and

_ ) Al
A an (A.13)

for s = 1. Since, under the agent’s information set, the state switches are a point-process

with instantaneous intensities 77 and A, these quantities also replace their full information
counterparts, 77 and A, in multiplying the jump terms in the respective equations.

A3



The next steps in the derivation involving the first order condition for optimal con-
sumption are unchanged from the full-information case. This follows because consump-
tion does not enter into any of the new terms involving the information variables. Re-
place J by the conjecture g H(#,A, M), then a common power of g term is cancelled,
and the whole equation is divided by H. These manipulations lead to the above two
terms showing up on the right hand side, in a system that is otherwise identical to the
full-information system (A.3) and (A.4).

o Hv (7)* 9Hm
= eoHy, —1)— —= Al4
5 (Hus2 ) (A)?  9Hpi
= ¢eoH} +A( —-1)— = A15
81 0 "M+ Hp1 a*Hpyy1 0A ( )
where the constants gp and g; are as defined in Lemma 1 above.
O

A.2.1 Solution Algorithm

In the full information case, solution of the algebraic system over a grid in the (4,1) plane
is straightforward. The unknown constants H(s) are bounded by the limiting solutions
in which the economy is never in a disaster, Hg””, or is always in a disaster, H{"™*. The
former corresponds to 77 = 0 and the latter to A = 0.

For the general case, we pick a large even integer M"** and assume that the economy
has converged to the full information solution with s = 0 at M"** and s = 1 at M""* — 1.
Given these solutions, the HJB system for M = M™** — 2 is just a first order ODE, since
the jump terms in (A.14)-(A.15) can be explicitly evaluated. For even values of M, the
boundary condition at 7j = 0 is again the full-information solution because the posterior
standard deviation v/a71 is also zero. (Note that the value of A is immaterial if disasters
cannot arise.) Likewise, for odd values of M, the boundary condition at A = 0 is given
by the full-information solution. Hence, the first-order ODEs can be explicitly solved in
alternating directions. The procedure is then repeated for all lower values of M.

A.3 Real Options

A.3.1 Mitigation

The text in Section 3 describes endowing the model economy with a one-time real option

to invest in a mitigation technology to alter a structural parameter, x, via x = g(i) where
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I is a lump-sum investment and i = I/gq. Since the option is a one-shot decision, the
post-investment economy is identical to the original model (without the technology) and
hence its value function is as derived in the main propositions.

Then, the assertion is that, for two otherwise equal economies E1 and E2, if the sen-
sitivity of the value function, H, to x is weaker in E1 than in E2, then, if a solution to
the real-options problem exists in E2, a solution also exists in E1 with smaller optimal
investment.

To see this, view H as a function of x, and the problem is to choose i to maximize
the H(g(i))(1 —i)1=7/(1 — 7) with first order condition —g’(i) dlog H(g(i))/9x = (v —
1)/(1 —i). Assume v > 1. Then the right side (the marginal cost) is an unbounded in-
creasing function of i on [0,1) which is the same for both economies. Call it RHS(i). On
the left side (the marginal benefit), the first term is the same for both economies. The
hypothesis is that dlog H(x)/0dx is smaller in E1 than in E2 for all x implying that the
second term is smaller. Hence LHS1(i) < LHS2(i) for all i. Assume LHS2 is continu-
ous and declining. Then, if an interior solution, i}, exists, it follows that on [i},1) we
have LHS1 < LHS2 < RHS, meaning that there cannot be a solution for E1 in this region.

Hence, either there is a solution i < i; or no interior optimum exists and i] = 0 in E1.
A.3.2 Information Production

The top panel of the table below presents the optimal information investment as a fraction
of wealth when the economy contains a technology allowing agents to purchase a realiza-
tion of N transitions of the disaster process, e.g., in a laboratory. The realization increases
a* by N but also alters the mean A depending on the (random) time-length of the real-
ization.! The table assumes that the information production function is N = 2001, where
i = I/q is the lump-sum investment. The option to make this investment is a one-time
occurrence at the on-set of a disaster.

The lower panel reports the welfare gain, in units of wealth, of the investment. The
difference between the respective panels can be interpreted as the value-added of the
technology.

IThe time-length is a virtual output. The experiment is assumed to be atemporal. Agents receive the results
immediately.
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Table A.1: Information Production

(A) Optimal Investment

Benchmark P =0.20
A A
0.2 0.5 1.0 0.2 0.5 1.0
2*7 0.01 0.015 0.015 0.015 2*4 0.01 0.030 0.035 0.040
0.05 0.015 0.015 0.015 0.05 0.035 0.030 0.030
v=2 e =0.02
A A
0.2 0.5 1.0 0.2 0.5 1.0
27 0.01 0.015 0.015 0.010 2*7 0.01 0.030 0.035 0.035
0.05 0.010 0.015 0.015 0.05 0.025 0.030 0.03015
(B) Welfare Gain
Benchmark P =0.20
A A
0.2 0.5 1.0 0.2 0.5 1.0
2*7 0.01 0.038 0.046 0.047 2*7 0.01 0314 0.346 0.343
0.05 0.032 0.042 0.042 0.05 0284 0.320 0.343
A A
0.2 0.5 1.0 0.2 0.5 1.0
2*7 0.01 0.031 0.032 0.020 2*7 0.01 0.114 0.164 0.188
0.05 0.021 0.030 0.026 0.05 0.085 0.130 0.143
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